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ON THE NORMAL EXPONENTIAL MAP IN SINGULAR 
CONFORMAL METRICS 

ROBERTO GIAMBO, FABIO GIANNONI AND PAOLO PICCIONE 


Abstract. Brake orbits and homoclinics of autonomous dynamical systems 
correspond, via Maupertuis principle, to geodesics in Riemannian manifolds en¬ 
dowed with a metric which is singular on the boundary (Jacobi metric). Moti¬ 
vated by the classical, yet still intriguing in many aspects, problem of establish¬ 
ing multiplicity results for brake orbits and homoclinics, as done in (UlTlQOl, 
and by the development of a Morse theory in U for geodesics in such kind of 
metric, in this paper we study the related normal exponential map from a global 
perspective. 


1. Introduction 

The purpose of this paper is to prove global regularity results for the distance- 
to-the-boundary function in Riemannian manifolds with singular metrics on the 
boundary. This kind of study is motivated by the use of the degenerate Jacobi met¬ 
ric (via Maupertuis’ principle) for the problem of brake orbits and homoclinics in 
the autonomous case, as done in |0|71|9l[I3l- This approach was suggested for the 
first time by Seifert in |[T9l . where a famous conjecture concerning a multiplicity 
results for brake orbits was formulated. The metric singularity on the boundary 
is of a very special type, being produced by the first order vanishing of a confor¬ 
mal factor which multiplies a fixed background mefric. Following fhe local fheory 
developed in ||8l, in fhis paper we will infroduce a suifable notion of normal expo- 
nenfial map adapted fo fhis fype of degenerate boundaries, and we will defermine 
ifs regularify properfies. 

There exisfs a huge amounf of liferafure concerning fhe sfudy of brake orbifs - 
see e.g., Uni [HI 11111221 - and more generally on fhe sfudy of periodic solutions of 
autonomous Hamiltonian systems wifh prescribed energy |[T3l[T4llT^[T7l[T8l . We 
also observe here fhaf manifolds wifh singular boundary of fhe fype invesfigated 
in fhe presenf paper arise nafurally in fhe sfudy of cerfain compacfificafions of 
incomplefe Riemannian manifolds. They consfifufe an imporfanf class of fhe so- 
called singular manifolds, see HI and fhe references fherein, where fhe singularify 
is described by fhe vanishing (or fhe diverging) of some conformal facfor, called 
fhe singularity function. 

In order fo describe fhe resulfs of fhe presenf paper, lef us consider a Riemann¬ 
ian manifold {M,g) of class C^, represenfing fhe configurafion space of some 
conservafive dynamical sysfem, and lef U : M —)■ R be a map of class on M, 
which represenfs fhe pofenfial funclion of fhe sysfem. Fix an energy level S G R, 
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E > inf V, and consider the Jacobi metric: 

M 

(1-1) g* = \{E -V)g, 

defined in the open sublevel 1/“^ (]—oo, £■[), the so called potential well. Note 
that is singular on the boundary V~^{E). 

For any Q £ (]—oo, ), denote by the distance of Q from 

with respect to the Jacobi metric (ll.ll) . In the recent work 1^, the following as¬ 
sumptions: 

• y is of class in a neighborhood of V~^ (]~oo, E\)\ 

• E' is a regular value for V ; 

• the sublevel (]~oo, E]) is compact; 

were used to prove that if the minimizer that realizes dv{Q) is unique, then dy is 
differentiable at Q, and its gradient with respect to the Riemann metric g is given 
by 

where 7 q is the minimizer (affinely parametrized in the interval [ 0 , 1 ]) joining 
V~^{E) with Q. Uniqueness of the minimizer is guaranteed for all points Q suf¬ 
ficiently close to the boundary V~^{E). Moreover, in [ 8 ] Section 4] a definition 
of Jacobi fields along Jacobi geodesic starting from V~^{E) is given and a Morse 
Index Theorem was proved. 

Following along this path, in this paper we introduce e normal exponential map 
exp-*-, defined in ferms of ^r^-geodesics 7 : ] 0 ,a] U“^(]—oo,E[) satisfying 

limy = P £ V~^{E), see Section|2l Such geodesic is necessarily “orthogonal” to 

s 4 ,o 

V~^{E), in the sense that a suitable normalization of 7 ( 5 ), when s goes to 0, ad¬ 
mits as limit as a vector v £ Tp(V~^{E)) which is p-orthogonal to V~^{E) at P. 
We prove the regularity of exp-*-, and we establish the equivalence between conju¬ 
gate points to V~^{E) and critical values of the exponential map (Proposition 12.31 
and Theorem l2.9l) . 

In section [3] we apply the above result to prove that if the minimizer between 
V~^{E) and Qq is unique and if Qo is not conjugate to V~^{E), then dy{Q) is of 
class in a neighborhood of Qq (cf. Theorem l3.1l) . This extends the result proved 
in m, where the (7^-regularity is proved only for points Qq sufficiently close to 
V-^{E). 


2. Exponential map and focal points 

A geodesic x : / C IR, —U“^(]—oo,E[) relative to the metric p* (11.11) will 
be called a Jacobi geodesic, such a curve satisfies fhe second order differenfial 
equafion: 

( 2 . 1 ) 

(E-U(x(s)))£x(s)-p(VU(x(s)),x(s))x(s)-h^ 5 (i('S),i;(s))VU(x(s)) = 0. 


Moreover, a non coslant Jacobi geodesic 7 satisfies the conservation law 
(2.2) \{E - U(7))p(7,7) = G 1R+ \ {0}. 
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Given a Jacobi geodesic 7 : ]0,a] — ^ ^(]—oo,£^[) satisfying lim7(s) = P G 

V~^{E), then the ^r-normalized tangent vector Vg ■= 'y{s)/g{j{s),'y{s))^ admits 
limit limns = vq £ Tp(y~^{E)'j'^. Indeed, using ||8l Lemma 2.2], it can be seen 

that Vg + VI/ {'y{s))/g (W (7(5)), W (7(5)))^'^^ is bounded in norm by an func¬ 
tion that is infinitesimal for s —)• 0. In this situation, we will say that 7 is a Jacobi 
geodesic starting orthogonally to V~^{E). These geodesics will be used later in 
the definition of the normal exponential map of V~^{E) using these geodesics. 


Remark 2.1. Let us now recall a basic result that will be repeatedly used throughout 
the paper. We refer the reader to JH eq (3.16) and following discussion] for the 
details of this construction, that we will now briefly sketch. For any P G V~^{E) 
consider the trajectories 1 1 —)• q[t, P) that are solutions of the Cauchy problem: 


(2.3) 


' £g + grad V(q) = 0 
< q(0)=P 

. m = 0 , 


where ^ is the covariant derivative of vector fields along q, and grad V is the 
gradient of V with respect to the Riemannian metric g. 

Moreover, called 7 (P, A) the unique Jacobi geodesic starting from P G V~^{E) 
and satisfying = A (note that the uniqueness of 7 (P, A) follows again from the 
Maupertuis Principle), we have that 

fs /T j 

,(t,P) = 7(P.A)(.), where i = t(s) = ^ - V(-,(Amr)y 

and then 1 1 —)• q{t, P) is a reparameterization of s i-)- 7 (P, A)(s). 

Using Maupertuis-Jacobi principle ||8j Proposition 2.1], one can show that, set¬ 
ting T = s/i, the map q(r, P), defined in [0, ro[xU“^(P), for a suitable tq suffi¬ 
ciently small, is a C^-diffeomorphism. Moreover, q(r, P) is a coordinate system 
in a neighborhood of V~^{E) and (0, P) = —^grad U(P), while ^(0, P) is 
the identity map. In particular, it is worth remarking that a C^-diffemorphism, say 
<1>, between V~^{E) and dy^{S) is obtained by setting <h(P) = q{6, P). 

Definition 2.2. For any s > 0, A > 0 and P G V~^{E) we denote by exponential 
map (starting from V~^{E)) the map: 

(2.4) exp-^(P, A)(s) = 7 (P, A)(s), 


First of all, let us prove the following 

Proposition 2.3. Fix any <5 > 0 such that dy^{6) is a C^-hypersurface (c/||^[ 8 l). 
Let ‘h be the -dijfemorphism between V~^{E) and dy^{6) (see Remark \2.1\) . 
Let ys be the solutions of the Cauchy problem for Jacobi geodesics with initial 
position, 7 ('^) cind initial speed Then for any s > 0 

(2.5) y{P,X){s)=ys{P,X){s-^), 

and exp-*-(., •)(s) is of class C^. 
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Proof. First of all, recall from Remark ITT] that q{y/t, P) is a coordinate system in 
a neighborhood of V~^{E). Therefore, for any 5 > 0 such that 7 (P, A) is defined 
in a neighborhood of (the value of the parameter at which 7 reaches 

there exists one and only one A) such that q{ts{P, A), P) intersects 

Using the Implicit Function Theorem, we deduce the existence of 6 sufficiently 
small such that the map ts(P, A) is of class C^. 

Now, since 


MP, A)(») = P)f = 

we have that (12.51) holds for any s > 0. Now recall that 75 is the Jacobi geodesic 
satisfying the initial conditions 


( 2 . 6 ) 


'i5{.pAW) 


q{ts{P,X),P), 

E-V{q{ts{PA)),Pf^*'^^' A), P), 


Since {t, P) 1 —)• q{t, P) and {t, P) 1 —)• q{t, P) are of class (Remark [2. Ill , stan¬ 
dard regularity properties of ODE’s give the C^-regularity of the map (P, A) t-A 
75 (P, A) (s — -^) concluding the proof. □ 

Remark 2.4. Note that classical regularization methods show that the map (P, A) 1 —)• 
75 (P, A) (s — is also of class C^. 


Remark 2.5. It is important to note that 75 starts from the point: 

Ps ■.= q{ts{P),P) =:Ns, 

with velocity orthogonal to the hypersurface Ns. 


Remark 2.6. Consider a Riemannian metric conformal to g, say fg with f positive 
and smooth real map, and the corresponding action integral 

1 

Hx) = 2 Jq ^(^)9{x,x)ds 

on the space X of the P^’^-curves from [0,1] to M such that x(0) G N, a;(l) = Q, 
where P is a smooth hypersurface of M, and Q is a fixed poinf in M. We recall 
fhaf fhe critical poinfs 7 on h\x safisfy fhe ordinary differenlial equafion: 

^[(^(7(s))7(s)] = i5(7(s),7(s))V<y9(7(s)), 

and fhe boundary conditions 

7 ( 0 ) G N, 7 ( 1 ) = Q- 

(Here Vip denofes fhe gradienf of p wifh respecf fo fhe mefric g). Moreover, fhe 
fangenf space of X af 7 is given by fhe vector fields ^ along 7 such fhaf 
^(0) G Py(o)-^> ths fangenf space of N af 7 ( 0 ) and ^(1) = 0, while fhe Hessian of 
/i af a crifical poinf 7 is given by 

^5'(7,7)S'(^^‘^(7)[?],0 + 2fi'(V(^(7),05'(£?,7) 

+ (pij) [fi'(-R(?,7)C,7)+5'(£?, £ 0 ] ds - (/?(7)5(V5^,7)|s=o 
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(where V is the covariant derivative with respect to the metric g). By polarization, 
we obtain the related hilinear form: 


r-l . 


(2.7) 1(^,7?) = 




+ 5(V<y9(7),05(^7,7) +5(V(/7(7),7)ff(ajC,7) 

+ ^{i) [g{R{i, i)i, v) + £ 7 )] 1 ds+ 


- b(V^7,7) +5(V,,C,7)] 


s=0 


The Jacohi field equation is: 


ip(7,7)i7‘^(7)[C] -£ [5(V(^(7),0^ + V^W£^] 

+ 5(£^,7)V(^(7) + <y9(7)i?(7,07 = 0, 

while the vector fields in fhe kernel of I are Jacohi fields ^ such fhaf ^(1) = 0 and 

(2-8) 7^(7)£^+ 5(V(^(7),0t “‘f’(T)Vs7 

is orfhogonal fo ^7(0) N af fhe insfanf s = 0. 

As poinfed ouf in l|8j Definifion 4.6], for fhe Jacohi mefric fhe Jacobi fields 
differenfial equation in fhe inferval [0, a] is 


(2.9) - £((i7-y(7))£^) + {E-V{j))R{i,0i+ 

+ £(9(VV(7),07) -5(7,£0V4^(7)+ 

- ^ 9 ( 7 , 7 )^^ ( 7 ) [^] = 0 for alls G ]0,a] . 

We recall now fhe definifion (given in Hjl) of poinf which is conjugafe fo V~^{E). 

Definition 2.7. A poinf 7 ( 59 ), on a Jacobi geodesic 7 sfarfing from V~^{E) is said 
fo be conjugate fo V~^{E) if fhere exisfs a non identically zero vector field ^ along 
7 defined in [ 0 , a], wifh ^(a) = 0 , such fhaf 

(a) ^ G C'°([0,so]) n C2(]0,a]); 

(b) Jo{E -V{-/))g{^C, £0 ds < +00; 

(c) ^ satisfies equation (12.91) in ]0, a]; 

(d) m^T^(0)V-\Ey, 

(e) fhe confinuous exfension af s = 0 of fhe vecfor field: 

( 2 . 10 ) (i^_^(^))D^_5(Vy(7),C)7 

is a multiple of W ( 7 ( 0 )). 

Recall fhaf W ( 7 ( 0 )) is parallel fo fhe limif unif vecfor of 7 . A vecfor field ^ along 
7 safisfying (a)—(e) above will be called an E-Jacobi field. 

Lef 7 : [0, a] —)• M be a Jacobi geodesic sfaiting orfhogonally fo V~^{E). 
For s > 0 small enough, lef A4 denofe fhe sef of poinfs having dy-disfance from 
V~^{E) equal fo s, so fhaf pa = 7 (<Ts) G A4, where ag = s/^/X^. Observe fhaf, 
if s > 0 is sufficienfly small, A4 is a embedded hypersurface of M, as shown in 
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la. Denote by S* the shape operator of A4 at ps relatively to the metric p*. From 
the relation 

(2. 11 ) V 3 ,y = b(vy, X)y + givv, y)x - g{x, y)vy] 

the following expression for the covariant differentiation ^ along 7 relative to the 
Levi-Civita connection of g* holds: 

( 2 . 12 ) ^ ^ 

ds ^ 2{E - v{-f)) {'y),v)i - 5(7, f?)vy ( 7 )] . 

Using (12.1 111 again, given ^ Tp^Ms, the shape operator with respect to the 
conformal metric S* satisfies the identity 

(2.13) g4KiO,r]) = ^iE - U(7)MS.(e),r?) + \g{^,r])g{VVij),i), 

where we have exploited the fact that 7 S (Tp^Afg)'^- 

Moreover, introduced the Riemann curvature tensor of g*, i.e. 

R*{X,Y) = [V*x,V*y]-Vl^y^, 

then it can be seen that (12.91) is equivalent to the equation 

(2-14) (^)^^('S) = ^*(7('S),?(s))7(s)- 

This equation and the skew-symmetry of the Riemann tensor R* also imply that, 
for every F^-Jacobi field along 7 , fhe quantify = 2 g* 7 (s)) is consfanf 

on ]0, a]. Also observe fhaf (12.121) implies fhaf: 

(2.15) = 2p*(^^,7) = -5 p(VU(7),05'(7,7) + [E-V{-f)] 5'(£C,7)- 

Remark 2.8. Observe fhaf, if ^ is an £'-Jacobi field along 7 wifh ^(o) = 0, fhen 
fi'*(?)7) identically vanishes on [0,a]. Indeed, we have jusf proved fhaf fhe map 
9* 7 ('®)) consfanf, from which if follows fhaf p* (^, 7 ) is an affine func¬ 

tion. Moreover, ^(a) = 0 implies fhaf p* (^, 7 ) vanishes af s = a. Lef us now prove 
fhaf 7 ) can be exfended confinuously by setting if equal fo 0 af s = 0 . 

Firsf, observe fhaf ^ is continuous af s = 0 (by condition ([al) of Definition 12.71) . 
and if can be seen fhaf {E — V ( 7 )) behaves like near s = 0, see || 8 ] Remark 
2.4]. The conservation law (12.21) fhen implies fhaf 7 behaves like near s = 0, 
and Iherefore p*(^, 7 ) vanishes af s = 0. Thus, 5 * (^, 7 ) vanishes identically on 
[ 0 ,a] and, in particular, e 

Finally, we can give fhe main resulf of fhis secfion: 

Theorem 2.9. The point 7 (a) is conjugate to V~^{E) if and only if y{a) is a 
critical value o/exp-’-(-, •)(o). 

The proof is divided info fwo Proposifions. 

Proposition 2.10. Let j(a) be conjugate to V~^{E). Then it is a critical value of 

exp-^(-,-)(a)- 

Proof Lef ^ be an £'-Jacobi field in fhe sense of Definition [T7] such fhaf ^(a) = 0. 
Fix 5 > 0 sufficienfly small and consider M s and ^(-^). By Remarks 12.51 and 

v/X vA 
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I2.8[ we have that ^(-^) G T , s ^Af s . Now fix Q{r) a smooth curve in Af_s_ 

S 


^ \/a 




such that Q'(0) = ^(■^)- If we fix <5 and A, fhe map 

PeV-\E)^q{PMPA)) 

is a diffeomorphism ^{P) of class C^. Choose P{r) = <h“^((5(r)) and keep A 
fixed. Nofe fhaf by (12.41) wifh s = a 

dexp-^(P,A)(o)[P'(0)] = d7(P,A)(a)[P'(0)] = lim ^ 7 (P(r), A). 

1 —>-0 ur 

Then, by (12.51) and sfandard argumenf in fhe classical fheory of ODE’s, fhe val¬ 
ues of d'y{P, A)(a)[P'(0)] is given by fhe solution z of fhe linearized equation of 

geodesics, evaluated af s = a wifh inifial posifion ^ initial velocify 

('^)‘ Then by fhe uniqueness of fhe solutions of fhe Cauchy problem we 
have z(s) = ^(s) for any s, so 

dexp-^(P, A)(a)[P'(0)] = ^(a) =0, 

concluding fhe proof. □ 


Before proving fhe converse, we need fhe following: 

Lemma 2.11. Let ^ be an J\fs-Jacobi field along 7. Then for all s € ]0, ti] we have 
^{(Ts) S 'P'y{<Js)^s< and the vector 

is parallel to 7 ((Ts), where ag = s/-y/A^. 

Proof. Lef us fix sq G ]0j <5] such fhaf 7 (crso) € A4o> and prove fhaf (12.161) evalu¬ 
ated when s = So is parallel fo 7 ((Tsq). To fhis aim, choose an arbifrary s e]0, so[ 
and lef r 1 —)• 7 ^ be a 1 -paramefer family of ^r^-geodesics 7 ^ : [(Ts) o'so] ^ 
r G ]—e, e[, such fhaf for all s G [s, sq], 

• 

• 7r(crs) G A4- 

Now lef us fix u G consider fhe fwo-paramefer map z{r, a) = 7 r-(< 7 ), and 

lef i/(r, cr) be a smoofh vector field along 2 : such fhaf u( 0 , (T<jp) = v and 

(2.17) = o 

for all r. Then using fhe properfies of fhe family 7 ^ we gel 

(2.18) 

9*[Ko{^i^so)) ,vj = g^{T.*^{C{aso)),i'{0,aso)) = S'* ^(o-^o)) > 

where Iasi equably is oblained easily using fhe properties of fhe shape operalor S*. 

Now lef us prove fhaf fhe function a 1 —)■ + S* (^(cr)), u(0, cr)) is 

conslanl (we drop fhe subscripl s from a and recall fhaf s depends on a, i.e. s = 
cry^X^). From (I2d4l) and (12.171) we oblain: 

= 5'*(^^^(o'),l^(0,cr)) = 5r*(72*(7(cr),^((T))7(cr),u(0,f7)). 


(2.19) 
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Using (12.171) and (12.181) . we get: 

( 2 - 20 ) 

= 9* (§F7(0-)) + 9* [R* (7(f^), ?(o-)) 1^(0, 7(o-)) 

= -5'*(-^*(7(c^)iC(<7))7(o-),i^(0,o-)). 

Finally, using (12.191) and (12.201) we obtain: 

^ g* + S* (^(cj)) , zy( 0 , a)) = 0 , 

i-e., + ^s(^(o')),^^(0, (t)) is constant for a G [cJs, ciso]- But if we 

consider sq = by assumptions of ^ we have 

9* (?('^)) > ^( 0 > ^)) ^ 

and the proof is complete. □ 

Proposition 2.12. Suppose that 7 (a) is a critical value of the exponential map 
exp-*-(-, •)(a). Then 7 (a) is conjugate to V~^{E). 

Proof. Let 7 (a) be a critical value for the exponential map. Then by (12.51) it is a 
critical value for the exponential map defined by geodesics starting orthogonally 
from A/^. 

Then by classical results (cf Q, Proposition 4.4, cap.10), there exists a Ja¬ 
cobi field along 7 defined in the interval [cx^ = , o] such that 

(2.21) ^{ag) G C(a) = 0 

and 

( 2 . 22 ) + ^^(^((T^)) is parallel to 7 ( 0 - 5 ). 

Note that ^ can be extended as Jacobi field along 7 fo fhe whole interval ]0, a]. 
Moreover, since p* (^(s), 7 ( 5 )) has second derivafive identically zero, and if is null 
af as and a, we deduce fhaf 

(2.23) g*{({s),'j{s)) = 0 for any s G ]0, a] . 

Moreover, by Lemma 12.111 

(2.24) + ^<5(?('^)) is parallel fo f{a) for any a G ]0, ag] ■ 

Now denofe by /“(^, 7 ) the index form (12.71) with the interval [0,1] replaced by the 
interval [s, a]) (s > 0) and f replaced by 77 — U. By (12.231) and (12.241) we deduce 
that 

(2.25) Igiii 7 ) = 0 for any smooth vector field 7] along 7 satisfying 

g{s) G r.y(^)A7 yy, and 77 (a) = 0. 

Now, arguing as in fhe proof of || 8 ] Propositions 4.15], we show fhaf fhere exisfs 
s** < s* G ]0, (J5] such fhaf for any s G ]0, fhe quadratic form has 

a minimizer in fhe affine space Yf* of fhe absolufely confinuous vecfor fields 7 
along 7 such fhaf 7 ( 5 ) G T'y{s)-^sYx hi^*) — Such a minimizer is a 

Jacobi field. Moreover, as fhe proof of || 8 ] Proposifion 4.16], we see also fhat I|* 
is sfricfly posifive definite and fhere is only one unique Jacobi field along 7 in Yf*: 
therefore it coincides with the Jacobi field 
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The same estimate in the proof of l| 8 j Proposition 4.15] gives also the existence 
of a constant C independent on s such that 

r((E-y(7))a(£{,£«)<i»<c, 

J s 

from which we deduce (d) of Definition 12.71 Note that property (b) implies the 
continuity of in a s = 0, and taking the limit as s —)• 0 in (12.231) (using the unit 
vector of 7 ) gives also property (d). 

Finally, integrating by parts in (12.251) (with s = 0) and using standard regular¬ 
ization methods as in HI we obtain the continuity at s = 0 of the map 

(F;-F(7))£C-5(Vy(7),07 

and taking the limit as s —)> 0 in (12.241) allows to obtain also property (e). □ 


3. On the (7^-regularity of the distance from the boundary of 

THE POTENTIAL WELL 


In this last section we prove the C^-regularity for the Jacobi distance from the 
boundary of the potential well in a neighborhood of a point Qq with a unique 
minimizer and such that Qq is not conjugate to V~^{E). Indeed we prove the 
following 

Theorem 3.1. Let dy be the Jacobi distace from Assume that Qq G 

F-^(] — 00 , F^[) is such that there is a unique minimmizer that realizes dv{Qo)- 
Assume also that Qq is not conjugate to V~^{E). Then dy is of class in a 
neighborhood of Qq. 


Proof By Theorem I2.9[ it follows that Qq is a regular value of the exponential 
map. Since it is of class we see that any Q sufficiently close to Qq is a regular 
value of the exponential map. Then, always by Theorem l2.9l we have that Q is not 
conjugate to V~^{E). 

Then, for any Q sufficiently close to Qq there is a unique minimizer. Indeed 
suppose by contradiction there exists a sequence Qn of points with at least two 
minimizers 7 ^ and 7 ^. By Lemma 3.4 in || 8 l, they converge (with respect to the 
if^-norm to the unique minimizer that realizes dy{QQ). But this would be in 
contradiction with the fact that Qq is a regular value of the exponential map. 

Finally, by Proposition 3.5 of HI, for any Q nearby Qq the gradient of dy at Q 
is given by 


Vdy{Q) 


(E-vm 

2dy{Q) 


7q(1)> 


where 7 q is the unique minimizer between V~^{E) and Q, parameterized in the 
interval [0,1]. Then to prove the (7^ regularity of dy it suffices fo prove fhe C^- 
regularify of 7q(1). Since 7q(1) = Q, fhanks fo fhe inverfibilify of exp-*- and ifs 
C^-regularify, formula (12.51) and Remark lT4l allows fo obfain fhe conclusion of fhe 
proof. 

□ 
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